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Invariance of limit
. It Af := limsup Aut and Af := LiminAuf .

Weinh e

Rose functions are T-invariant
,

i
. e. constant on each T-orbit. It is enough ho

verify hot their values at every
xeX are equal to their values at Tx. But for
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a fixed xEX
,

this is immediate from the fact that Andif* Anflix)
,
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. () follows from the following elementary lemma.

huma (about averages) .
Let X be a set and F : X-3/R

.
Let U

,
V be disjoint monemp-



ty finite subsets of X
. Let Apt := the

average of forer U
,

:
.

e.if.

Then
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Proof
.

Direct verification.

Remark
.

This part is just the abstract statement let if fiIN-> IR
,

then

limp Aco
,
nf = limp As a

Finvariance and the ergodicity of T imply (HW) that It are At are constant are
.

i
. e. Where are constants [ and I such Net the [T-invariant) sets Y := (xeX : Afx) = i) and X: =

\xEX : Af(x) = 23 are comull
.

Thus
, estricting to X1X

,
we

may assure WLOG Ut AfEE and AfE2.

& By considering f-Sidd instead
,

we may assume WLOG Ut JAdM= P
.

To prove

the Reorem
,

we read to show Not Af = 0 Af . Suppose toward a contradition,
that FEc>O

,
so At >AJO for come ATC

.

(The case OCAf is handled simi-

larly
.
) Then let XIUx := the least neIN such Ut Anxf(x) > A30 .

We now make two assumptions which lose generality,
and we will remove tem later in HW:

(is f in bounded
,

ine
. IfIn:

(ii) XI Mx is bounded
, say by L>0.



tiling
. Note But if xHnx were constant

, say
100

,
then this would immediately

contradict the local-global bridge : 0 = J = (AfM(AdMAs 0.
This okay X1UX is not constant

,
but letting NEW be large enough so that

* Ifu_ and 5, we get
Kat Antil = A for all xtX

.

Fix xEX.
3

We tile the interval El := Ex,
Tx

, ...,
T*) by intervals of the form Ingly) ,

for which

by the def of my ,
we know let Anyfly) >A

. We do this as follows :
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Then we have filed a subset ICIN() 10 t /Ink)(Il=* (IN)l .
So

Alf > A and Mus Anf(x)> Alz because IAINIF)-1/fllve /by We

lamma about averages above).

Ant()=An An(IN())

- (1 - 5) . A - E Ifu = =A - 7 A = 1

local-global bridge
. But this contradicts the local-global bridge :

P = (for = JanferJerm= 0.


